Abstract. Let p(n) denote the number of partitions of a positive number n, let ∈ {5, 7, 11} and let δ be the least non-negative residue of 24 −1 modulo . In this paper we prove congruences modulo between p( n+δ ) and ratios of central critical values of L-functions associated to twists of certain integer weight newforms. In 1999, Guo and Ono proved analogous results for 13 ≤ ≤ 31.
Introduction
Let p(n) be the number of partitions of a positive integer n: the number of non-increasing sequences of positive integers whose sum is n. By convention, we agree that p(0) := 1. Partitions play an important role in number theory, combinatorics, representation theory, and Lie algebras. See, for example, [And98] , [Ono04] , [Ono08] and the references therein. The infinite product generating function of Euler,
is the starting point for much of the modern study of p(n). Using this formula, Ramanujan discovered and often proved interesting results on the arithmetic of p(n). The most famous of these are the Ramanujan congruences, which we now describe. Let ≥ 5 be prime, and define (1.2) δ := 1 + 24
Note that δ is the least non-negative residue of 24 −1 modulo . Ramanujan proved that if ∈ {5, 7, 11}, then for all n ≥ 0 we have
These congruences have inspired terrific interest in the general study of linear congruences for Fourier coefficients of modular forms. Using the fact that (1.1) is closely related to a weakly holomorphic modular form of weight −1/2, Ahlgren and Ono in [Ahl00] , [AO01] , and [Ono00] proved that congruences for p(n) are actually common in the following sense: for all m ≥ 1 with gcd(m, 6) = 1, there are infinitely many non-nested arithmetic progressions An+B such that p(An+B) ≡ 0 (mod m) for all non-negative integers n. On the other hand, Ahlgren and Boylan [AB03] proved that congruences of the type that Ramanujan found are quite rare; to be precise, the only ( , d) with prime such that p( n+d) ≡ 0 (mod ) are (5, 4), (7, 5) and (11, 6).
1.1. Statement of results. In this paper we connect values of p( n + δ ) for ∈ {5, 7, 11} to central critical values of twists of modular L-functions. We begin by fixing some notation. Let ≥ 5 be prime. We define integers λ and r by Observe that r is the least non-negative residue of − modulo 24. For non-negative integers n, define D( , n) by
Suppose that D( , n) is square-free. Then it is a fundamental discriminant (i.e., the discriminant of a quadratic number field). If t is a square-free integer, we denote by χ t (·) the Kronecker character associated to Q(
. We define χ 12 to be the character modulo 12 induced from the Kronecker character associated to Q( √ 3). For primes ≥ 3, let ( · ) denote the Legendre symbol modulo . When 5 ≤ ≤ 31, one may verify that there exists a unique newform 
This function has an analytic continuation to all of C and satisfies a functional equation centered at the line s = λ . We now state our main result. 
Remark 1.4. One may verify results of this type for a fixed prime using our methods and those of Guo and Ono via a finite computation. Therefore, our ability to verify analogous results for fixed primes > 31 only depends on our ability to do large computations. Moreover, since our method entails separate computations for each prime, we are unable to apply it to prove a uniform result for all primes ≥ 5.
For primes ∈ {5, 7, 11}, we have 
To illustrate the corollary, we study the function
This function gives the proportion of non-negative integers n ≤ X such that Corollary 1.5 implies the non-vanishing of L(G ⊗ χ D( ,n) , λ ). Our calculations reveal the following data: The data is heavily influenced by extensions of (1.3) to modulus 2 (see for example [Kno93] ) given by (1.9)
For ∈ {5, 7, 11} we let M be the set of non-negative integers n such that n + δ falls into the progressions in (1.9); i.e., we let
, {n ≥ 0 : n ≡ 2, 4, 5, 6 (mod 7)} = 7, {n ≥ 0 : n ≡ 10 (mod 11)} = 11 .
Hence, we may renormalize R (X) to account for the congruences (1.9) by defining
The data for R (X) is Remark 1.6. We note that for primes 13 ≤ ≤ 31, the data in [GO99] show that R (X) as in (1.8) seems to be slightly less than 1 − 1 as X gets large. Our data show that for primes ∈ {5, 7, 11}, the normalization of R (X) given by R (X) exhibits similar behavior as X gets large.
The paper is structured as follows. In Section 2 we introduce the necessary facts from the theory of modular forms that will be used in our proof. Section 3 contains the proof of our theorem. We include an appendix to discuss some of the details of our computations.
Facts on modular forms
In this section we give the necessary facts on modular forms that we require. For details on the theory, one may consult for example [Iwa97] or [Ono04] .
Let h be the complex upper half-plane, and let q := e 2πiz . For integers k ≥ 0 and N ≥ 1, and χ, a Dirichlet character modulo N , we let M k (Γ 0 (N ), χ) denote the C-vector space of weight k holomorphic modular forms on Γ 0 (N ) with character χ. We denote by S k (Γ 0 (N ), χ) the subspace of cusp forms. When χ is trivial, we often omit it.
For even k ≥ 4, let B k be the k-th Bernoulli number and define the Eisenstein series E k by
Then we have E k ∈ M k (Γ 0 (1)), and for primes p ≥ 5, we have E p−1 ≡ 1 (mod p). We also require Dedekind's η-function, defined by
and Ramanujan's ∆-function,
Next, we require certain standard operators on modular forms. For positive integers d, we define the operators U d and V d on formal power series in q by
When acting on spaces of modular forms, we have
and if d|N , we have
The U d operator has the additional factorization property that
For positive integers m, the Hecke operator T m,k,χ is an endomorphism on M k (Γ 0 (N ), χ) and preserves cusp forms. For primes p N we have
In the setting of modular forms with p-integral coefficients, it follows that T p,k,χ and U p agree modulo p. We also recall the notion of twisting. Let ε be a Dirichlet character modulo M , and let f (z) = ∞ n=0 a(n)q n . Then we define the twist of f by ε as 
. Then the half-integral weight Hecke operator T p 2 ,λ,χ is defined by
where χ * (n) := We now state the important theorems of Shimura and Waldspurger. Let N and χ be as above, and let λ and t ≥ 1 be integers with t square-free. Let
Theorem 2.1 (Shimura [Shi73] ). We have
Moreover, S t commutes with Hecke operators:
An immediate consequence is that if f (z) is a half-integral weight eigenform, then S t (f ) will be an integral weight eigenform. For our purposes we set t = 1 and define S := S 1 .
We now state Waldspurger's result. Let λ ≥ 2, let f (z) ∈ S λ+ 1 2 (Γ 0 (N ), χ) be an eigenform for almost all T p 2 ,λ+ 1 2 ,χ , and let F (z) = S(f )(z) ∈ S 2λ (Γ 0 (N/2), χ 2 ).
Theorem 2.2 (Waldspurger [Wal81]
). Suppose that n 1 , n 2 are positive square-free integers such that for all p|N , we have
Remark 2.3. If λ = 1 and f is in the orthogonal complement of the space spanned by single variable theta series, then S(f ) is a cusp form, and Theorem 2.2 continues to hold.
Proof of main theorem
To prove Theorem 1.1 for ∈ {5, 7, 11}, we will identify half-integer weight eigenforms f that are generating functions for p( n+δ ) . We will then show that G ⊗ χ 12 = S(f ) (with G as in (1.7)); to conclude we will apply Waldspurger's Theorem.
Lemma 3.1. For ∈ {5, 7, 11}, define
Then we have
Proof. To prove the congruence we examine ∆(z)
We first note that the forms ∆(z) 1) ) have integer coefficients. For ∈ {5, 7, 11}, one may easily verify that the coefficients of ∆(z)
of index up to ( 2 − 1)/24 are congruent to zero modulo . By a theorem of Sturm (see [Ono04] , Thm. 2.58), it follows that ∆(z)
Hence, the forms 1 ∆(z)
cients. Applying Sturm's Theorem again together with the congruence E −1 ≡ 1 (mod ), we find that 1 ∆(z)
Since U and T ,
agree on modular forms with integer coefficients modulo , we have
Using (1.1), (1.2), and (2.1) we see, on the other hand, that 1 ∆(z)
By comparing (3.1) and (3.2) and solving for
By substituting q 24 for q and multiplying both sides by q r , in each case we get our result.
Next, we observe that the forms f are eigenforms for the Hecke operators. This is proved as part of Corollary 3.2 in [Gar07] . Since G ∈ S 2λ (Γ 0 (6)) is a newform, it follows by Theorem 3.1 (and its corollary) of [AL78] that G ⊗ χ 12 ∈ S 2λ (Γ 0 (144)) is a newform. Moreover, we prove the following: Lemma 3.3. If ∈ {5, 7, 11}, then we have G ⊗ χ 12 = S(f ).
Proof. For ∈ {5, 7, 11}, we have S(f ) and G ⊗χ 12 ∈ S 2λ (Γ 0 (288)), and we define M := dim S 2λ (Γ 0 (288)). Applying standard formulas (see for example [Ono04] ), we find that
= 7 , 1280 = 11 . Therefore, to prove the lemma, we calculate the first M coefficients of S(f ) and G ⊗χ 12 and verify that they agree. For details of this calculation, see Section 4.
We finalize the proof of Theorem 1.1 by applying Theorem 2.2 with f = f , F = G ⊗ χ 12 , n 1 = r and n 2 = 24n + r . Since n 1 ≡ n 2 (mod 24), we have
Noting that a f (24n+r ) ≡ p( n+δ ) modulo and a f (r ) = 1, the proof is complete.
Appendix
To compare S(f ) and G ⊗ χ 12 , we will need to compute the first M coefficients for each form. Set p to be the largest prime less than M . Then to compute S(f ) we must compute the first p 2 r coefficients of f . To compute these coefficients we employ well-known formulas for η(24z) and η(24z) 3 :
η(24z) = 1 + n≥1 (−1) n (q 12n(3n−1) + q 12n(3n+1) ),
The first formula is Euler's Pentagonal Number Theorem, and the second follows from Jacobi's Triple Product Identity. These formulas allow us to rapidly calculate the necessary number of coefficients for η(24z) and η(24z) 3 on a computer, which we use to build η 13 (24z), η 17 (24z), and η 19 (24z). For the most efficient use of computer memory available to us, the powers of η were encoded as arrays and then saved as text files. To multiply them together, we wrote simple programs which kept our memory use under 2 GB of RAM. The text file for the coefficients of η 19 (24z) was approximately 82 MB. The calculation of the necessary coefficients for S(f 5 ) and S(f 7 ) is straightforward from the definition. However, for f 11 = η 13 (24z)E 8 (24z), the Eisenstein factor makes the size of the coefficients significantly larger. Therefore, to conserve file space, we employ a Chinese Remainder Theorem argument. This implies that |a S(f 11 ) (n)|, |a G 11 (n)| < 10 44 for n ≤ 1280. Finally, we finish the proof of Lemma 3 by verifying that the first 1,280 coefficients of G
